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Mé& dau

Trong k¥ nguyén cong nghé thong tin, sy bién doi cac nganh trong cac linh vuc khoa
hoc tir nhién hay khoa hoc xa hai luon dién ra véi toc do chéng mat. Nho internet va cac
phuong tién truyen thong ma cic qubc gia da xich lai gan nhau trong mot thé gidi hoi nhap
toan cau hoa. O mot pham vi hep ching ta c6 thé thay su phét trién ctia cac trang web
Toan hoc da lam cho nhitng ngusi dam mé Toan hoc trén thé gidi c6 thé dé dang nhanh
chéng tiép can va trao doi thong tin vo cling phong phi.

Béat déng thic 14 mot van dé kha c6 dién ctia Toan hoc so cap dang ngay cang phat
trién, day cling 1a mot trong nhitng phan toan so cap dep va thi vi nhat, vi thé luon cudn
hat rat nhiéu déi tugng ban doc quan tam. Moi ngusi dé théng nhat véi nhau la bat déng
thitc luon chiém vi tri quan trong déi véi toan hoc pho thong ciing nhu trén céac trang web
Toan hoc.

Bét ding thic c6 vi trf dac biét trong toan hoc khong chi nhu 1a déi tugng dé nghién
cttu ma con déng vai tro nhu 14 mot cong cu dic lic ciia cac mo hinh toan hoc lién tuc
cling nhu cac mo6 hinh toan hoc 1di rac trong 1y thuyét phuong trinh, Iy thuyét xap xi, 1y
thuyét biéu dién,... Diém diic biét, an tuong nhat ctia bat dang thic trong toan so cap,
dé 1a c6 rat nhiéu nhimg bai toan kho, tham chi 1a rat kho, luon c6 thé gidi duge bing
nhitng kién thic rat co sé va viec hoan thanh duge ching minh 1a niém vui thye s

Trong hau hét cac ky thi hoc sinh giéi qubc gia, thi Olympic Toan khu vite va quoc té,
thi Olympic Toan sinh vien giita cac trudng dai hoc va cao dang, cac bai toan lien quan
dén bat déng thic cling hay duge dé cap va thuong thuoc loai kho hoac rat khé. Cac bai
toan vé ude lugng va tinh gia tri cyc tri (cue dai, cyc tiéu) clia cac tong, tich cing nhu cac
bai toan xac dinh gisi han clia mot sé biéu thiic cho trude thusng c6 méi quan hé it nhidu
dén céc tinh toan, wdc lugng (bat ding thitc) tuong ing.

Ly thuyét bat dang thic va dac biet, cic bai tap vé bat dang thic rat phong phi va
cic ky da dang. C6 nhiéu y tudng co ban, cich thitc tiép can va mot s6 hudng ing dung
theo cac dang toan ciing nhu phuong phap gidi dién hinh. Véi dé tai “ Vé bat ding thic
Simpson va van dung”, trong tap luan van nay tac gid xin tém tat cac kién thic co ban vé

bat ding thiic Simpson, tit d6 di sau nghién cttu mot s6 bai tap lien quan dén bat ding



thitc Simpson.

Luan van nay gom phan Md dau, Noi dung va dude chia lam hai chuong dé cap cac
van dé sau day:

Chuong 1: Trinh bay vé “ Mot s6 kién thiic chuan bi”. Trong chuong nay tac gia trinh
bay so luge vé ham s6, bién phan va bién phan toan phan, mot sé bat déng thtec lien quan
nhu: bat ding thitc Holder, bat déng thiic Griiss, bat dang thitc Ostrowski.

Chuong 2: Trinh bay vé ¢ Bat ding thitc Simpson va mot s6 ting dung “. Trong chuong
nay tac gia giéi thieu bat ding thic Simpson. Trinh bay bat dang thic Simpson déi véi
cac anh xa c6 bién phan bi chin, bat ding thic Simpson déi véi ddi véi anh xa Lipschitz,
bat ding thic Simpson véi cac s6 hang kha tich cap p, bat déng thic Griiss, Ostrowski
doi v6i cong thite Simpson.

Trong qua trinh hoc tap va nghién cttu tai truong Dai hoc Khoa hoc, Dai hoc Thai
Nguyén, em luén nhan dugce sy quan tam gitp dé va dong vién ciia cac thay co trong Ban
Giam hiéu, phong Dao tao, Khoa Toan -Tin. Véi ban luan vin nay, em mong muén dugc
g6p mot phan nhé cong siic clia minh vao viéc gin gitt va phat huy vé dep, sy hap dan cho
nhitng bat dang thitc toan hoc von di da rat dep. Day ciing 14 mot co hoi cho em giii 16i tri
an t6i tap the cac thay co gidng vién ctia truong Dai hoc Khoa hoc — Dai hoc Thai Nguyén
n6i chung va Khoa Toan - Tin néi rieng, da truyen thu cho em nhiéu kién thitc khoa hoc
quy béau trong thoi gian em duge la hoc vién cua truong. Tac gia xin chan thanh cam on
Ban Giam hiéu trusng THPT Dong Hoa - Kién An - Hai Phong ciing toan thé cac anh chi
em dong nghiép da tao diéu kién toét nhat cho tac gia trong thoi gian di hoc Cao hoc; chan
thanh cdm on cac anh chi em hoc vién 16p Cao hoc Toan K12A7 va ban be dong nghiép da
trao doi, dong vien va khich lé tac gia trong qua trinh hoc tap va lam luan vin tai trudng
Dai hoc Khoa hoc, Dai hoc Thai Nguyén. Dic biét em xin duge bay t6 long biét on sau
sac t6i thay gido giang day clia em dong thoi ciing 1a gido vien huéng dan - TS. Tran Xuan
Quy va TS. D& Thi Phuong Quynh da luon quan tam an can chi bao, dong vién khich le,
gitip d6 tan tinh v gép ¥ sau sic cho em trong sudt qua trinh hoc tap ciing nhu thyc hién
dé tai. Chang duong vita qua sé 1a nhitng ki niem dang nhé va day ¥ nghia d6i v6i cac anh
chi em hoc vién 16p K12A7 néi chung va véi ban than em néi rieng. Dau an Ay hién nhién
khong thé thiéu sy hd trg, sé chia day yéu thuong ctia tat cd ngusi than trong gia dinh.
Xin chan thanh cdm on tat ci nhiing nguoi than yeu da giap dé, dong hanh ciing em trén

chang duong vita qua. Mot lan nita, em xin tran trong cam on!

Thai Nguyeén, ngay 25 thang 8 nam 2020
Hoc vién

Trinh Thi Thanh Binh



Chuong 1

Mot s6 kién thitc chuan bi

1.1 Ham sb, bién phan va bién phan toan phan

Trong chuong nay, tac gia sé trinh bay mot s6 khai niem lién quan t6i ham s6, ching
han nhu ham s6 lién tuc tuyét déi, ham sé L-Lipchitz va mot sé bat ding thic lien quan

t6i viec chitng minh bat dang thiic Simpson sé trinh bay trong chuong tiép theo.

Dinh nghia 1.1. (a) Ham s6 [ : [a,b] — R dugc goi 1a lien tuc tuyet ddi trén [a, b] néu

v6i moi € > 0 ton tai s6 duong ¢ théa man
> If @) = fw)l <,
i=1
v6i moi ho hitu han céc khodng roi nhau {[z;,y;] : i =1,2,...,n} cla [a,b] v6i
Z |2 — yi| <0.
i=1
(b) Ham s6 f : [a,b] — R dugc goi 1a L-Lipschitz trén [a, b] néu ton tai L > 1 thoa man
|f(x) = f(y)l < Llz — y| v6i moi z,y € [a,b].

(¢) Ham 86 f : [a,b] — R dugc goi 1a ¢6 bién phan bi chan trén [a, b] khi va chi khi ton

tai hang s6 M > 0 théa man
Z |fzi) = fzimn)| < M,
i=1

v6i moi phan hoach P = {xg, 1, -+ ,z,} cia [a, b].

(d) Néu ham s6 f : [a,b] — R c6 bién phan bi chan trén [a, b], thi bién phan toan phan

cia f trén [a,b] duge xac dinh nhu sau

V) = sup } {; |f (@) = flaia) !}-

a P={z0,z1, ,#n} phan hoach clala,b



Nhan xét 1.1. Mot ham lien tuc tuyét doi trén [a,b] thi lien tuc déu va cé bién phan bi

chan trén |a, b].

Vi du 1.1. Néu f : [a,b] — R la ham don di¢u tang thi v6i moi phan hoach P =

{zo, 21, -+ ,2,} cla [a,b] ta cd

Z (@) = flziz)] = Z{f fzi1)}

= f(zn) = flzo) = f(b) — f(a).

b
Vi vay, ham f c6 bién phan bi chan va \/(f) = f(b) — f(a).

a

Vidu 1.2. Néuham f : [a,b] — R lién tuc trén [a, b] va kha vi trén (a, b) véi sup |f'(x)] >
a<z<b
M, thi v6i moi phan hoach P = {xzg, 21, -+ ,2,} ctia [a,b] vi theo dinh 1y gid tri trung

binh ta c6

Z |f(z:i) — fzic1)| = Z | f(t:) [z — xi4]]

ZM i — @] = M(b—a).

b
Do d6 ham f ¢6 bién phan bi chan va \/(f) < M(b— a).

Dinh 1y 1.1. (a) Néu f,g: [a,b] — R la cdc ham cé bién phdan bi chin va c,d € R, thi
cf +dg cé bién phan bi chdn va cé bat dang thic sau:

b

\/(cf +dg) < CI\/ )+ 1dI'\/ (9)

a

(b) Néu f : |a,b] — R c6 bién phan bi chan trén [a,b] va [c,d] C [a,b], thi f c6 bién phan

bi chan trén [c,d] va
Vi<V

(c) Néu f :[a,b] — R c6 bién phan bj chan va ¢ € (a,b), thi

VO =\VrH+\Viu

(d) Néu ham f : [a,b] — R ¢6 bién phan bi chan thy ham V (z) = \/(f) va V(z) — f(x)

don diéu tang trén [a,b).

(e) Ham f :[a,b] — R c6 bién phan bj chan khi va chi khi né la hiéu cia hai ham ting.



1.2 Mot sbé bat diang thic lién quan

1.2.1 Bét dang thidc Holder
Tit bat ding thitic AM-GM suy rong ta co:

a,b @ atb bt
< 1.1
Ty a—l—bx a+by ( )

v6i moi z,y >0, a,b> 0. Néu dat u = 2%, v=19° p=(a+b)/avaq= (a+0b)/b, 16 rang
p > 1 va ta c6 bat déng thic sau
1%—1:1:>1w<lup—l—lvq. (1.2)
P q p q
Béat déng thic nay dudc goi la bat dang thitc Young. Két qua dudi day dude goi la bat
déng thitc Holder.

Dinh ly 1.2 (Bat dang thiic Holder). Cho hai bo $6 ay,as, ..., a, va by, ba, ... b, la hai

) 1 1 e
bo n so thuc duong va p > 1, théa man —+ — = 1. Khi do ta co bat dang thic sau:

p q
> aib < (Z a;’.’> (Z b;?) : (1.3)
i=1 i=1 i=1
Dau bang zdy ra khi va chi khi af = kb! véi moii € {1,2,,...,n}.

Két qua tiép theo 1a bat ding thic Holder ¢ dang giai tich, ching t6i chi trinh bay két
qua ma khong ching minh.
. . L, a2 P e L, , 11
Dinh ly 1.3 (Bat dang thic Holder dang giai tich). Gid s p,q > 1 théa man — + - =1,

p q
f wva g la hai ham so6 lién tuc trén doan [a,b], khi doé

/ab\f(:c)g(xﬂd:c < (/ab !f(:r:)\pdm‘); </ab\g(:c)|qd:c>; (1.4)

Déau “=" xdy ra khi va chi khi ton tai hai s6 thuc A va B khong dong thoi bang khong sao
cho

Alf()l = Blg(x)]" V€ [a,b].

1.2.2 B4t ding thic Griiss

Gié st f, g va p 1a cac ham kha tich trén [a,b]. Ta c6 cac ky hiéu sau:



(J o) sarie)
A(fip) = = ) A(f) = A(f; 1),
(fp(x)dx)
T(f, g9;p) = A(fg;p) — A(f;p)A(g; p), T(f,9)=T(f,9;1),
A(f;p)

= XF-Ale D) R(f,g9) = R(f. 9;1),

v6i mdi x € [a, b], trong do6 ¢, ¢,7, T 1a cac sb6 thyc cho trude.
Nam 1935 G. Griiss da dua ra khang dinh sau:

(¢ — )T =),

Ny

IT(f, 9)| <

(1.5)

(1.6)

trong bai béo cong bé nam 1935 CGriiss da ching minh bat dang thiic nay va ciing chi ra

1/4 1a xap xi t6t nhat. Ham T'(f, g) duge goi 1a ham Cebysev.

Dinh 1y 1.4. Cho f,g: [a,b] — R la cdc ham khd tich trén |a,b] va théa man diéu kien:

6 < f(x) <@, < g(x) <T vdi moiz € [a,b].
Khi dé ta cé bat dang thic sau:

7(/,9) \b [ 1@
(@ =) —7)

L o

Hang so 1 la xap xi tot nhat.

Chiing minh. Tt dang thic

oo [ " fa)ge)dr— / ' f(a)de / ' gla)de
=5 [ [0 - 1)) - sasay

Ap dung bat ding thic Cauchy-Bunyakovsky-Schwartz, ta c6:

(9(x) — g(y)dady|

<[ v dxdy} [ [ 600 st g

(1.7)

(1.8)

(1.9)

(1.10)



Tit ding thite (1.9) ta cé:

// Vdxdy = b—a/f da:—(/f dm) , (1.11)
ta ciing c¢6 ding thic tuong tu déi véi ham g. Tt d6 ta co:
1 1 ?
Ta/a fZ(x)dx— <m/a f(l')dl‘)
I I
= (q) — m/a f(l')dl') <m/a‘ f(l')dl'-gb)

b
_bia/ (f(z) = 9)(@ — f(x))dx (1.12)

va tuong tu ta c6 dang thic (1.12) déi véi ham g.
Theo gia thiét (1.7) ta c6 (f(x) — ¢)(® — f(x)) = 0 véi moi x € [a, b], vi vay

b
[ @ - 9@ fanar >0
tit dang thic suy ra

bia/abe(x)dx— (bia/abf(x)d:cf (1.13)
< (@—ﬁ/jf(x)dx) (ﬁ /abf(x)dx—cb)
4 [(o s [ seme) o (52 [ o)

1 2
= 1(‘1)—@

Trong danh gia trén, ta da s dung bat dang thic quen thuoc

<A+B

2
) =an
2

Tuong tu ta co:

/ / )V2dxdy < 1(F—fy)? (1.14)

Stt dung bat ding thiic (1.10])) két hop véi bat ding thiic (1.11]) va cac danh gia trong ((1.13))

va (|1.14), ta thu duge

B /ab /ab<f(“) — W) (g(@) = g(y))dady| <

va tir ((1.9), ta suy ra (1.8)).

I

(@ =)' =7)(b—a)’

o



